
V.3 Simplicial approximation theorem

Barycentric subdivision
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Given σ =< a0, · · · , an >⊂ RN , the barycenter

σ̂ of σ is defined by

σ̂ =
1

n+ 1

n∑

i=0

ai.

������� 1 Let K be a simplicial complex in RN , the baricentric subdivision

of K, denoted by sdK, is defined inductively as follows
1. L0 := V (K).

2. Given Lp, Lp+1 is the simplicial complex determined by
⋃

σ∈Kp+1

{σ̂ ∗ ∂σ}

where ∂σ is viewed as a subcomplex of Lp.
3. sdK =

⋃
Lp.
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Note. Abstractly,

1. V (sdK) =
⋃

σ∈K

{σ̂}

2. sdK = {< σ̂1, · · · , σ̂p > | σ1 < · · · < σp, p = 1, 2, · · · , σi ∈ K},
where < denotes proper face.

3. |sdK| = |K| as a topological space.
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������� 2 K : a finite simplicial complex in RN .
mesh(K) = max{diam(σ) | σ ∈ K}.

������� 1
(1) σ : n-simplex in RN ⇒ mesh(sdσ) ≤ n

n+1
mesh(σ).

(2) K : n-dimensional finite simplicial complex in RN

⇒ mesh(sdK) ≤ n
n+1

mesh(K)��������� (2) �� � (1) �� ��� �!#"�$% x
x+1 &('*)+ "-,/.1032465798 . �� � : .<;�=>@?ACBDFEHGFI . ?A J .LKMONP ?A ,

(1) QR S )+ " TVUWYX .[Z3. . &('�\R S )+ " TVUWYX .^] '`_badc1ef6gVhji . �+ k Note \R Sml en6oqpsrA Z3. .
Note. 1. ∀ σ, ∃ an edge e < σ, such that diam(σ) = length(e).
2.∀ x ∈ σ, | σ̂ − x| ≤ | σ̂ − v| for some vertex v of σ, and

| σ̂ − v0| = | v0 −
1

n+ 1

n∑

i=0

vi| = |
1

n+ 1

n∑

i=1

(vi − v0)| ≤
1

n+ 1

n∑

i=1

| vi − v0|

≤
n

n+ 1
max| vi − v0| ≤

n

n+ 1
mesh(σ)

&('utwv (1) �� )+ " TVUW QR S X .[Z3. . ∀ τ ∈ sd(σ) _bayx �{z[| τ �� }M�~� � edge e �� � barycenter _ba gVh�� ���� � face �� barycenter _ba gVh J ./,/. NP ?A Note 2 _ba ��dz[| length(e) ≤ n
n+1

mesh(σ)

&(' i . . � . 8 . gVh Note 1 _ba ���z[| mesh(τ) ≤ n
n+1

mesh(σ) &(' i . .
������ � ������� 2 mesh(sdNK) ≤ C( n

n+1
)N and converge to 0 as N →∞.

Note. g : K → L, a simplicial map
⇒ g(st(v)) ⊂ st(g(v)), ∀v ∈ V (K).��������� x ∈ st(v)⇔ tv(x) > 0.

g ,/. simplicial map &(' NP ?A tg(v)(g(x)) ≥ tv(x) &('3�� � . 8 . gVh x ∈ st(v) &('`�H�� tg(v)(g(x)) >
0 &('3�� g(x) ∈ st(g(v)).

������b� 3 Let f : |K| → |L| be a map and g : |K| → |L| be a simplicial map.
Then the followings are equivalent.

(1) ∀x ∈ |K|, f(x) ∈
◦
τ ⇒ g(x) ∈ τ .

(2) ∀x ∈ |K|, f(x) ∈ τ ⇒ g(x) ∈ τ .
(3) v ∈ V (K), f(st(v)) ⊂ st(g(v)).

������� 3 Such simplicial map g is called a Simplicial approximation of f .��������� (2)⇒(1) �� ���/������� X . i . .
(1)⇒(3) x ∈ st(v),f(x) ∈

◦
τ 8 .��  ¡ Z3. . ,/./¢V£W¥¤P ?ACBDFEHG tv(x) > 0, g(x) ∈ τ &(' i . .
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&('§¦1¨ , tg(v)(g(x)) ≥ tv(x) > 0 &(' NP ?A , g(x) ∈ st(g(v)) &(' i . . ©ª9«�¬�-¯® g(x) ∈ τ °1±²
QR S c1en �� °1±³ ¤P NP ?A , g(v) �� � τ �� vertex &('3�� ,

◦
τ ⊂ st(g(v)) &(' i . . � . 8 . gVh f(x) ∈

◦
τ ⊂ st(g(v)).

(3)⇒(2) x ∈
◦
σ &('^�� , f(x) ∈ τ 8 . �� ,/.´¢V£WYX .[Z3. . &('µ¦1¨ , °1±² �� �� v ∈ V (σ) _ba¶x �{z[|

x ∈ st(v) &(' i . . f(st(v)) ⊂ st(g(v)) ?ACBDFEHG f(x) ∈ st(g(v)) &('3�� � . 8 . gVh g(v) �� �
τ �� vertex ,/.¸·¹ º i . . °1±² �� �� v ∈ V (σ) _ba»x � X .½¼¿¾ÁÀqÂWÄÃ(ÅÆ X . NP ?A , g(σ) ⊂ τ &('3��
g(x) ∈ τ &(' i . .������� 4 Let f : |K| → |L| be a map which satisfies ”star condition”, i.e.,
∀ v ∈ V (K), ∃ w ∈ V (L) such that f(st(v)) ⊂ st(w).
Then there exists g : K → L which is a simplicial approximation of f .��������� }MO~� � v ∈ V (K) _baÇx �Èz[| f(st(v)) ⊂ st(w) \R SÊÉ(ËÌ )Í Î X . �� � Ï .�Ð7 «�¬� w \R SÒÑ ¬�ÔÓ¿ÕÖX .´¼¿¾ g(v) = w ?A ¢V£W �� X .`Z3. .
&('utwv×&(' g ,/. simplicial map °1±² QR S rA &(' ] 'ÙØÚÛz[| < v0, · · ·, vk > ,/. simplex &('`�H�� ,
< g(v0), · · ·, g(vk) > ,/. simplex °1±² QR S rA &(' Z3. . simplex σ =< v0, · · ·, vk > ?A �  ¡
¤P �H�� x ∈

◦
σ ,/.ÝÜÞ �Ýß | X . �� , x ∈

k⋂

i=0

st(vi) &(' i . .
&('Ä¦1¨ , f(x) ∈ f(

⋂
st(vi)) ⊂

⋂
f(st(vi)) ⊂

⋂
st(wi) , wi = g(vi) &('áàâ ¼äã }MO~� �

i _baÁx �{z[| twi
(f(x)) > 0 &(' i . . � . 8 . gVh < w0, · · ·, wk >=< g(v0), · · ·, g(vk)) > �� �

simplex \R Sæå[çè ÀqÂWêé½ëì i . .(interior point f(x) ,/.ÔÜÞ �Ýß | X . NP ?A ). � . 8 . gVh g �� � simplicial
map &('�àâ �� f(st(v)) ⊂ st(g(v)) \R SíÉ(ËÌ )Í Î X . NP ?A c1ef �� TVUW twv 3 �� (3) QR SíÉ(ËÌ )Í Î X .¼¿¾ g �� � f �� simplicial approximation &(' ·¹ º i . .
Remark. f : |K| → |L| ,/. K �� subcomplex M _ba gVh &('`î3' simplicial map &(' 8 .�� X .`Z3. . ©ªFï ã �H�� ØÚ ¢V£Wñð ' �� )+ "ÔTVUW $% ¢V£W _ba gVh g \R S�ò eó QR S ¦1¨ , M _ba gVh �� ô eõ �� � ©ª x �?A öD �� ( c1ef Note _ba gVh simplicial map �� � star condition QR SmÉ(ËÌ )Í Î X . NP ?A ) J .´÷§ãùø 'BDûúü � É(ËÌ ¢V£Wµð ' �� )+ " TVUWêý�þ ÿ �² X . �H�� àâ NP ?A g||M | = f ||M | &('�àâ��M��� Î approximation
g \R Sûò eó QR S 57 °1±³ i . .
������� 5 (Simplicial approximation theorem)
K,L : finite simplicial complexes in RN .
(1) Given a map f : |K| → |L|, ∃N > 0 such that f has a simplicial approxi-
mation g : sdNK → L.
(2) If g is a simplicial approximation of f , f ' g.��������� (1) U = {f−1(st(w)) | w ∈ V (L)} �� � |K| �� open covering &(' ·¹ º i . . K ,/.
finite &(' NP ?A |K| �� � compact &('^�� � . 8 . gVh open covering U _ba x �{z[| Lebesgue
number ε &(' ÜÞ �@ß | é½ëì i . . &(' ¦1¨ , mesh(sdNK) < ε

2 \R S É(ËÌ )Í Î X . �M��� Î N QR S��	�
 úü �� ' �P
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��� ò eó ¤P �H�� sdNK � ËÌ �� ���� star �� � �� � diam &(' ε rA i .�� �� �� � . 8 . gVh ¼äã����� U ∈ U _ba! "0324 ·¹ º i . . ©ªFï ã �H�� f : |sdNK| → |L| �� � star condition QR S É(ËÌ )Í Î X . �� |sdNK| = |K|

&(' NP ?A ¢V£Wµð ' 4 _ba ���z[| simplicial approximation g ,/.yÜÞ �@ß | é½ëì i . .
(2) f #$ g : . &(' �� homotopy \R S F : |K|×I → |L|, F (x, t) = tf(x)+(1−t)g(x) ?A¢V£W �� é½ëì i . . � ¬�&% G TVUW twv 3 _ba ��dz[|'���� f(x) #$ g(x) �� � ô e( �� � simplex � ËÌ _ba °1±³ ¤P NP ?A
F �� � ò en ¢V£W �� ·¹ º i . . )M é½ëì ���� simplex σ _ba gVh f #$ g �� � ����+*, - &(' NP ?A F �� � | σ|×I _ba gVh����.*, - &(' i . . K ,/. finite &(' NP ?A F �� � ����+*, - &(' i . . � . 8 . gVh F �� � /021 X . �� � homotopy &('i . .
Remark.
1. Theorem 5 holds for arbitrary simplicial complexes K and L, and for a
suitable subdivision (satisfying mesh condition in the proof) K ′ of K.
(Reference: Munkres, 16.5, 19.4, 20.5)
2. In general, The topology of |K| × I is coherent with the subspaces
{|σ| × I | σ ∈ K}. (see Munkres, Elements of algebraic topology.) ( 34 5 �b� 16.)
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